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Abstract 

In this paper, we prove the following. Let {R, m) be a Cohen-Macaulay 
local ring of dimension d >2. Suppose that either R is not regular or 
R is regular with d > 3. Let t > 2 be a positive integer. If {ai, . . . , a^} 
is a regular sequence contained in m*, then 

(ai, . . . ,ad) : m* C m*. 

This result gives an affirmative answer to a conjecture raised by Polini 
and Ulrich. 



1 Introduction 

Let i? be a Noetherian ring. Two proper ideals / and L of height g are said 
to be directly linked, I L, ii there exists a regular sequence z = zi, . . . , Zg <^ 
I n L such that / = (z) : L and L = (z) : I. If R is Cohen-Macaulay and / 
is an unmixed ideal of height g with Rp Gorenstein for every minimal prime 
P of I, then one can always produce a link L ~ / by choosing a regular 
sequence z = zi, . . . , Zg C I and setting L = (z) : / (p). The linkage class 
of a proper ideal / is the set of all ideals K obtained by a sequence of links 
/ = Lq ~ -Li ~ ■ ■ ■ ~ L„ = L, where n > 0. The algebraic foundations of 
linkage theory were established in |Q and 0. 

In [^], Polini and Ulrich investigated when an ideal is the unique maximal 
element of its linkage class, in the sense that it contains every ideal of the 
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class. They showed that if {R, m) is a Gorenstein local ring of dimension 
d >2, with > 3 if i? is regular, then every ideal in the linkage class of m* is 
contained in m* provided that gr-m{R) is Cohen-Macaulay, or i? is a complete 
intersection, or ecodim i? < 3, or t < 3. They pointed out that m* will be 
the maximal element of its linkage class if the following conjecture holds. 

Conjecture 1: Let (-R, m) be a local Gorenstein ring of dimension d > 2, 
with (i > 3 if is regular, and let t > 1 be an integer; then every ideal 
directly linked to m* is contained in m*. 

In the same paper, they also showed that Conjecture 1 is equivalent to the 
following question: Is a two-dimensional local Gorenstein ring {R, m) regular 
if and only if there exists an integer t > 1 and a regular sequence a = ai,a2 
contained in m* so that (a) : m* is not contained in m*? 

In this paper, we settle the conjecture in the affirmative by showing the 
following: 

Theorem 1.1 Let (-R, m) be a Cohen-Macaulay local ring of dimension d > 
2, with d > 3 if R is regular. Let t >2 be a positive integer. If {ai, . . . , aa} 
is a regular sequence contained in m*, then 

(«!, . . . : m* C m*. 

Let i? be a Noetherian ring. Recall that an ideal I of R of height g is 
said to be equi-multiple of reduction number 1 if there exists a g generated 
ideal J contained in / so that = JL Ideals that are equi-multiple of 
reduction number 1 enjoy some nice properties: For example, it is shown in 
that if i? is a Cohen-Macaulay local ring and / is an equi-multiple Cohen- 
Macaulay ideal of reduction number 1, then the associated graded ring gri{R) 
of I is Cohen-Macaulay. Therefore, it is of great interest to search for such 
classes of ideals. In and 0, Corso, Polini and Vasconcelos proved that 
the links of prime ideals in Cohen-Macaulay rings are equi-multiple ideals of 
reduction number 1 under certain assumptions. Moreover, Corso and Polini 
|]2| addressed the following conjecture. 

Conjecture 2: Let m) be a Cohen-Macaulay local ring and P a prime 
ideal of height g > 2. Let J = {zi,...,Zg) be an ideal generated by a 
regular sequence contained in P^'^\ where s is a positive integer > 2. For any 
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k = l,...,s set h. = J : P^^'l Then 



II = Jh 

if one of the following two conditions holds: 
(JLi) Rp is not a regular local ring; 

{IL2) Rp is a regular local ring and two of the ZiS lie in p('^+^). 



With the help of Theorem and Theorem ^.2| , we are able to give a 
positive answer to Conjecture 2. 

Theorem 1.2 Let R be a Noetherian ring. Let P he a prime ideal of height 
g > 2, J = {zi, . . . , Zg) an ideal generated by a regular sequence contained in 
P'^^\ where k > 2 is a positive integer. Set If^ = J : P^^\ Then = I^J if 
one of the following conditions holds: 

(i) Rp is not a regular local ring. 

(a) Rp is a regular local ring and g > 3. 

(Hi) Rp is a regular local ring, g = 2, and Zi E pC^+i) for every i. 

2 Main Theory 

In this section, we study Conjecture 1 stated in section 1. We are able to 
prove it in a more general form. 

Theorem 2.1 Let (-R, m) be a Cohen- Macaulay local ring of dimension d > 
2. Let I be an ideal of R of height 2 and I = Ylii'^^l^) • where the sum 
is taken over all regular sequences {a, (3} in I. Let t be a positive integer. If 
{a, (3} is a regular sequence contained in P, then 

{a, (3) : /* C /*-!/. 

Remark 2.2 (i) / C / C i?. 

(ii) Conjecture 1 follows if we set = 2 and / = m in Theorem |2]2 and 
observe that / = / = m if is not regular. 



(iii) One can see from the proof of Theorem that the assumption that R 



is Cohen-Macaulay can be removed if the grade of J is 2. 
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To show Theorem we begin with the following lemmas. 

Lemma 2.3 Let {R, m) be a Noetherian local ring. Let {xi, . . . , Xt-i, yi, . . . , yt~i} ^ 
m such that {xi, yj} is a regular sequence \/i,j, where t > 2. Then 

n*ll(xi ■■■Xi,yi- ■■yt-i) 
= < {xi ■ ■ ■ Xi_iyi ■ ■ ■ yt-i \ l<i<t} > ' 

Proof. It is enough to show that 

nf=i(xi ■■■Xi,yi- ■■yt-i) 
= (xi ■ ■ ■ Xk)+ < {xi ■ ■ • Xi-iyi ■ ■ ■ yt-i | 1 < i < A;} > 

for 1 < k < t — 1. By induction on k, suppose that the equality holds for k. 
Then 

n('+/(xi ■■■Xi,yi^ ■■yt-i) 
= {{xi ■ ■ ■Xk)+ < {xi ■ ■■Xi-iyi ■ ■■yt-i \ 1 < z < A;} >) n (xi ■ ■■Xk+i,yi ■ ■■yt-k-i) 
= (xi • ■ ■ Xk) n (xi ■ • ■ Xfc+i, ■ ■ • yt-k-i)+ < {xi ■ • • Xi-iyi ■ ■ ■ yt-i | 1 < i < A;} > 
= (xi ■ ■ ■ Xfc+i)+ < {xi ■ ■ ■ Xi-iyi ■ ■ ■ yt-i | 1 < i < A; + 1} > . 

□ 

Lemma 2.4 Let [R, m) be a Cohen- Macaulay local ring of dimension d >2. 
Let I be an ideal of R of height 2 and I = J^ii^^i^) '■ ^)' where the sum is 
taken over all regular sequences {a, P} in I . Let t > 1 and {xi, . . . ,Xt,yi, . . . , yt} ^ 
/ such that {xi,yj} is a regular sequence Wi,j. Then 

(xi ■■ -xt, 2/1 ■■■2/t):/*C /*-!/. 

Proof. We may assume that t > 2. First observe that 

(xi ■ ■ - xt,?/! ■ ■ - yt) : /* C nlzlixi ■ ■ - Xi,?/! ■ ■■yt-i). 

This is because that 

(xi ■ ■ ■ xt, ?/i ■ ■ ■ : /* C (xi ■ ■ ■ Xt, 2/1 ■ ■ ■ : Xj+i ■ ■ ■ Xtyt-i+i ■■■yt 

= {xi ■ ■ ■Xi,?/i ■ ■■yt-i) 

for 1 < i < t — 1. By Lemma p.3| , every element in (]^- Xj, Yl- yi) : /* is of the 
form 

t 

^OiXi ■ ■ -Xi-iyi • ■■yt-i. 

i=l 
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Therefore, to show the lemma, it is enough to show that ai G I for every i. 
For this, let z & 1; then 

t 

C^ajxi ■ --Xj-iyi ■ ■■yt^j)zxi+i ■ ■ ■ xtyt-i+2 ■■■yt^ {xi---xt,yi- ■■yt). 

i=i 

Observe that 

{ajxi ■ ■ ■ Xj^iVi ■ ■ ■ yt-j)zxi+i ■ ■ ■ Xtyt-i+2 ■ ■ - yt & {xi - ■ ■Xt,yi - ■ ■ yt) 

if j ^ i. Therefore 

aizxi ■ ■ - Xi - ■ ■ xtyi ■ ■ ■ yt-i+i ■ ■ ■ yt ^ {xi ■ ■ ■ xt,yi ■ ■ ■ yt). 

It follows that aiZ G {xi,yt-i+i), which implies that Oj G (xj, y^-j+i) : I C I. 
□ 



Proof of Theorem |2.1| : We first prove the following statement: li yi G I Vi 
and {a, yi - ■ ■ yt} is a regular sequence contained in /*, then 

(a,yi---yt):/*C 

Observe that the following set generates J*: 

St = {zi ■ ■ ■ Zt \ Zj E I , {yi, Zj} is a regular sequence 

Let a G (a, ?/i ■ ■ ■ yt) : /*. Let Zi - ■ ■ Zt E Sf, then there are elements u{z), v{z) G 
R such that 

azi ■ ■ ■ zt = u{z)a + v{z) ■ ■ ■ yt) ■ (1) 
Therefore if z[ - ■ ■ z'^ is any element in St then 

az[---z[ = u{z')a + v{z') (yi ■ • • yt) . (2) 

From dlD, (H) and the fact that {a,yi ■ ■ ■ yt} is a regular sequence, we see 
that u{z)z[ ■ ■ ■ z[ G {zi ■ ■ ■ Zt,yi ■ ■ ■ yt)- Since z[ - ■ ■ z'^ is an arbitrary element 
in St, 

u{z) G {zi---zt,yi---yt) : /* C 

by Lemma p.4| . Since Zi - ■■ Zt is an arbitrary element in St and a G /*, there 
are elements u,v & R with u G /*~^/ such that aa = ua + v{yi ■ ■ - yt), which 
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implies that a — u & {yi ■ ■ ■ yt) ■ It follows that a G /*~^/ and this completes 
the proof of the statement. 

In general, if {a,f5} is a regular sequence contained in /*, then we can use 
the same argument the above to conclude that every element in [a, (3) : /* is 
in 

Corollary 2.5 Let {R,xn) be a Cohen- Macaulay local ring of dimension d > 
2. Suppose that either R is not regular or R is regular with d > 3. Let t >2 
be a positive integer. If {ai, . . . , a^} is a regular sequence contained in m*, 
then 

{ai, . . . : m* C m*. 



Proof We prove by induction on d. The case d = 2 follows from Theorem 2.1 



Assume that d > 3. Let a e (ai,...,^^) : Tn*. Since R/{ad) is Cohen- 
Macaulay and is not regular, a G m* {mod {cxd}) by induction. It follows that 
a G m* as G m*. □ 



The following result will be used in section 3. 

Corollary 2.6 Let (-R, m) be a Cohen- Macaulay local ring of dimension d > 
2. Suppose that either R is not regular or R is regular with d > 3. Let 
t > 2 be a positive integer and {ai, . . . , ad} be a regular sequence contained 
in m*. Then for every a G (ai, . . . , a^) : m* and every element f G m*, if 
af = Yli=i ^jO^i ^^^^^ ""i ^ ^* /^^ every i. 



Corollary p.6| follows from the next lemma. 

Lemma 2.7 Let {R, m) be a Cohen- Macaulay local ring of dimension d > 
2. Let t > 2 be a positive integer. Assume that for any regular sequence 
{«!, . . . , ad} contained in m*, (ai, . . . , ad) : m* C m*. Then for every a G 
(ai, . . . , ad) : m* and every element f G m*, if af = J2i=i '^i^^i ^^^'^ ^ ^* 
for every i. 

Proof It is easy to see that the following set generates the ideal m*: 

St = {zi ■ ■ ■ zt I G m, {ai, . . . , a^, . . . , a^, Zj} is a regular sequence Wi,j}. 



6 



Let Zi - ■ ■ Zf G St] then there are Ui{z) G R such that 

d 

azi - ■ ■ zt = y^^Ui{z)ai. 

i=l 

From the proof of Theorem pj] , we see that Ui{z) G (ai, . . . , dj, . . . , a^, zi - ■ ■ Zt) : 
m* for every i. Therefore Ui{z) G m* by assumption. This shows that if 
/ G m* then af can be expressed as Yl'i=i "^i^i ^"^^ some Ui G m* for every i. 
If a/ = Yli=i K'^i some u'^ G i?, then Ui — u'^ G (ai, . . . , Aj, . . . , a^) C m*, 
it follows that u[ G m* for every i. □ 

3 Ideals of reduction number 1 

The goal of this section is to study the following conjecture: 

Conjecture: Let {R, m) be a Cohen- Macaulay local ring and P a prime 
ideal of height g > 2. Let J = {zi,...,Zg) be an ideal generated by a 
regular sequence contained in P^^\ where s is a positive integer > 2. For any 
A; = l,...,s set 4 = J : P'^^l Then 

II = Jh 

if one of the following two conditions holds: 
(JLi) Rp is not a regular local ring; 

{IL2) Rp is a regular local ring and two of the Zi^s lie in p(*+^). 

There are some partial answers to this conjecture in and 0. The 
following result solves the conjecture completely. 

Theorem 3.1 Let R be a Noetherian ring. Let P he a prime ideal of height 
g > 2, J = {zi, . . . , Zg) an ideal generated by a regular sequence contained in 
P'^''\ where k > 2 is a positive integer. Set Ik = J ■ P'^^\ Then = Ik J if 
one of the following conditions holds: 

(i) Rp is not a regular local ring. 

(a) Rp is a regular local ring and g > 3. 
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(Hi) Rp is a regular local ring, g = 2, and Zi E P^'^^^) for every i. 
To show Theorem ^.11 , we need the following result. 

Theorem 3.2 Let (-R, m) be a Cohen- Macaulay local ring of dimension d > 
2. Let k > 2 be a positive integer. If z = Zi, . . . ,Zii is a regular sequence 
contained in m'^'^"^, then 

(z) : m'^ C (m''^+^ : m*^) 

if depth gr^{R) > 2. 

Proof. It is not difficult to see that the following set generates the ideal m'^. 

k 

Sk = {Y\_yi \ Vi^^^ {yhVj} « regular sequence in grJ^R)]. 

i=l 

k 

Let a G (z) : m'^ and / = JJ^Z/i € Sk] then 

i=l 

d 

a/ = UiZi (3) 

i=l 

for some Ui G R. To show the theorem it is enough to show that Ui G m'^ as 
Zi G m'^^^ for every i. Without loss of generality, we only prove that ui G m'^ 
as an example. 

Choose ?/ G m so that {y*j,y*} form a regular sequence in gr^i^R) for every 
j. Let fj = yf/yj] then f E Sk, therefore there are Uij G R such that 

d 

afj = ^UijZi. (4) 

i=l 

From d^) and @, we obtain that 

{uiy - uijyj)zi G {z2,...,Zd). 

Moreover, since {2:1, . . . , Zd} is a regular sequence and Zi G m^+^ by assump- 
tion, 

(uiy-uijyj) G m'=+^ 
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It follows that 

for every j by the choice of y. Now one can conclude that ui G {yr ■ ■ yk)+v[i'' 
by the facts that {yi,yj} is a regular sequence in gr^{R) ii j > I for / = 
k — 1, k — 2, . . ., in particular, Ui G m'^. 
□ 

Corollary 3.3 Let {R, m) 6e a 2- dimensional regular local ring. Let k > 2 
and z = zi,Z2 be regular sequence contained in m^"'"^. Then the following 
hold. 

(i) (z) : m'' C m^,- 

(ii) For every element a & (z) : m'' and every element f & xn^ , if af = 

Proof, (i) follows from the fact that gr-m{R) is Cohen-Macaulay and m^'^^^ : 
_ ^fc+i c m'^. (ii) follows from the proof of Theorem ^]2|. □ 



Before proving Theorem 3.1, we need one more lemma 



Lemma 3.4 Let R be a Noetherian ring. Let H be an ideal of height g >2, 
J = {zi, . . . ,Zg) an ideal generated by a regular sequence contained in H . Set 
I = J : H . If I = (fli, . . . ,at), ttiH C JH for every i, and P C J, then 
P = IJ. 

Proof Since P C J, there are u-^^ G R such that ajOj = X]fc=i^ij^^fc- To 

complete the proof it suffices to show that u-^^ G /,i.e., u^j^H C J for every 
k. For this let b E H\ then by assumption, 

G tti-JH 
C PH 



Since 2:1, . . . , is a regular sequence (although not necessarily permutable), 



we see that ui^b G (zi, . . . ,Zg) for every /c. □ 



Proof of Theorem Q Let J = 4 = J : P^^\ Then / C P^^) by 
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Corollary ^ and Corollary ^i), it follows that P C jp('=) C J. To 
complete the proof, by Lemma |3.4| , we need only to prove that if a G /, 
/ G P^'^-' and af = X]f=i^«^«5 then Ui G P^''^ for every i. However this 
follows by Corollary |2.6| and Corollary p.3| (ii). 



4 The case t = 1 

We study the links of unmixed radical ideals in a Noetherian ring in this 
section. The main result Theorem [4.2| will generalize [jl|, Theorem 2.3] and 



0, Theorem 2.1]. 

Throughout, let i? be a Noetherian ring of depth d > g, H an unmixed 
radical ideal of height g, and let z = zi, Zg O H he a regular sequence. 
Set J = (z) and I = J : H. Suppose that for every minimal prime P of H, 
one of the following two conditions holds: 
(Li) Rp is not a regular local ring. 

(L2) Rp is a regular local ring of dimension at least 2 and two elements in 
the sequence z = 2:1, . . . , 2;^ lie in the symbolic square P^'^\ 
An easy observation is the following. 

Lemma 4.1 I C H and P C J. 



Proof. To show / C if, it suffices to show that / C P for every minimal 
prime P of H. However, if I is not a subset of P then Pp = Jp, which 
contradicts to Li or L2. Thus I (1 H is fulfilled. Moreover, P C IH C J. □ 

Theorem 4.2 Let R be a Noetherian ring of depth d > g, H an unmixed 
radical ideal of height g, and z = zi,...,Zg C H a regular sequence. Set 
J = (z) and I = J : H. Suppose that for every minimal prime P of H , 
either Li or L2 holds. Then P = JI . 

Proof Write if = Pi n • ■ ■ n P^. For 1 < j < /, let 

Tj = UiAss{R/ {zi, ...,Zi,..., Zg)) n Spec{Rp^) 
= UiMin{R/{zi, ...,Zi,.. .,Zg)) n Spec{Rp^). 

Since i is not a subset of every prime in UjTj, we can choose a generating 
set {ai, . . . , at] of i so that Oj ^ UjTj for every i. 

Now, to finish the proof, it is enough to show that ajii C JH for every i by 
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Lemma |3.4|. For this, let b G H and a be any af, then there are elements 



Uj G R such that 

9 

ab = ^UjZj. (5) 

i=i 

To show Uj G iJ, we can prove it locally. Without loss of generality, we will 
prove that Ui G PRp for every minimal prime P of H. 

Let b' be an arbitrary element in H; then there are elements u'j G R such 
that 

a6' = ^n>,. (6) 

i=i 

From d^) and (^, we obtain that 

a{b'ui - bu[) G (^2, • • • , -^g)- 

Let P be any minimal prime of H; then {a, 2:2, ... , Zg} is a regular sequence 
in Rp. Since 6' is arbitrary, uiPp = uiHp C (6, ^2, • • • , Zg)Rp. From the fact 
that i?p is not regular or at least one element in {2:2, • • • , Zg} is in P^'^\ we 
conclude that Ui G Pi?p. □ 
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